We present a conjecture on the distribution of the valuations of p-adic regulators of cyclic extensions of ‫ޑ‬ of odd prime degree. This is based on the observation of computational data of p-adic regulators of the 5 521 222 cyclic quintic and 329 708 cyclic septic extensions of ‫ޑ‬ for 2 < p < 100 with discriminant up to 5 × 10 31 and 10 42 respectively, and noting that the observation matches the model that the entries in the regulator matrix are random elements with respect to the obvious restrictions.
Introduction
The class group and regulator of a number field are important invariants of the field, providing information about the multiplicative and unit group structure of the number field. These two invariants are intimately linked by the class number formula, and following the improvements to the class group algorithm by Buchmann [Buc90] , can be computed together in the same algorithm. Despite various improvements to the algorithm, some in recent times, an efficient algorithm to compute the class group and regulator of arbitrary number fields remains elusive and a significant focus in computational number theory.
In [Leo62] , Leopoldt introduced the p-adic regulator R p (K ) of a number field K in his study of p-adic L-functions, and his conjecture states that it is nonvanishing. While its classical counterpart, the regulator of a number field, is well defined for all finite extensions of ‫,ޑ‬ the p-adic regulator is only unambiguous for totally real or CM number fields, and very little is known about the actual value of p-adic regulators.
Previous efforts on computing the p-adic regulators of number fields were predominantly focused on numerical verification of Leopoldt's conjecture, and significant practical difficulties with p-adic computations restricted efforts to compute its exact value. Indeed, this was noted in the PhD thesis of Panayi [Pan95] , who was one of the first to compute R p (K ) explicitly.
Research on the valuation of p-adic regulators has also been limited. One investigator was Schirokauer [Sch93, Proposition 3.8], who provided heuristic arguments regarding the p-divisibility of the units, while Miki [Mik87] attempted to provide an upper bound on v p (R p (K )), and Hakkarainen provided a simple lower bound in his PhD thesis [Hak07] , along with limited heuristics using the valuation of the class number and the class number formula.
A recent development by Fieker and Zhang [FZ16] in a p-adic class number algorithm for totally real abelian fields allowed relatively efficient computation of the p-adic regulator of these fields. This algorithm was used in [HZ16] to compute the p-adic regulator of the almost 16 million cyclic cubic extensions of ‫ޑ‬ with discriminant less than 10 16 , and from this experimental data, the authors were able to conjecture and provide heuristics on the distribution of the values of v p (R p (K )).
We continue this previous work by computing the p-adic regulator for a large number of cyclic quintic and septic extensions for 2 < p < 100. Based on this new experimental data, we extend the previous heuristics to a conjecture for all cyclic extensions of ‫ޑ‬ with prime degree as follows.
Fix an odd prime and let K be the set of all cyclic extensions of ‫ޑ‬ with degree inside a fixed algebraic closure of ‫.ޑ‬ Note that such extensions are necessarily totally real. For a prime p let K un p and K ram p denote the set of all fields in K which are unramified and ramified at p, respectively. Note that
. Let ord ( p) be the multiplicative order of p modulo , and v p be the p-adic valuation. Based on heuristics and numerical data, we claim the following conjecture:
where v un = − 1 and v ram = ( − 1)/2. This paper is organised as follows: some basic definitions are recalled in Section 2. We then conjecture a link between the distributions of v p (R p (K )) and v p (det(M)), where M is an arbitrary matrix in a particular form, in Section 3 (see Conjecture 1 ). So far this is similar to [HZ16, §1-3], but we diverge in Section 4 to obtain some results about solutions of linear equations in p-adic rings. Applying this to the factorisation of det(M), we obtain Conjecture 1 in Section 5. Finally, in Section 6, we provide the numerical data from our computations.
Definition and notation
Let K be a number field of degree and p a prime. By ‫ރ‬ p we denote the completion of an algebraic closure of ‫ޑ‬ p . By fixing an embedding from ‫ރ‬ p into ‫,ރ‬ any embedding of K into ‫ރ‬ p can be considered as either real or complex, depending on the image of K in the composite embedding into ‫.ރ‬ Note that for totally real or CM fields, whether an embedding from K to ‫ރ‬ p is real or complex is independent of the choice of embedding from ‫ރ‬ p to ‫,ރ‬ but this is not well defined in general.
Let (r 1 , r 2 ) be the signature of K and r = r 1 + r 2 − 1 the unit rank. Denote by τ 1 , . . . , τ r 1 the real and by τ r 1 +1 , τ r 1 +1 , . . . , τ r 1 +r 2 , τ r 1 +r 2 the complex embeddings of K into ‫ރ‬ p . Let 1 , . . . , r be a set of independent units of K such that, modulo torsion, the index of 1 , . . . , r in O × K is coprime to p. Consider the submatrix formed by deleting one column of the matrix,
, where δ i = 1 for 1 ≤ i ≤ r 1 and δ i = 2 if r 1 + 1 ≤ i ≤ r 1 + r 2 , and log p : ‫ރ‬ × p → ‫ރ‬ p is the p-adic Iwasawa logarithm (see [Iwa72] ). As each row sums to zero, the determinant of such a submatrix is independent of the column deleted, up to a sign. The value of this determinant is also independent of the choice of the units 1 , . . . , r , up to a p-adic unit, and is known as the p-adic regulator R p (K ) of the number field K.
There is an alternate definition introduced by Iwasawa [Iwa72] and subsequently implemented in the algorithm by Fieker and Zhang [FZ16] . Instead of deleting a column in the matrix, one can add a row of 1's to it, and divide the determinant by . Again, due to each row summing to zero, the value of the determinant is unaffected. In [HZ16] it was noted that while this does have the disadvantage of calculating the determinant of a matrix one dimension higher than necessary, it is outweighed by leaving the structure of the original matrix intact.
If G is a compact group, we denote by µ G the unique left Haar measure with µ G (G) = 1. When no confusion can arise, we just write µ instead of µ G . For two integers n ∈ ‫ޚ‬ ≥1 , k ∈ ‫ޚ‬ we denote by k mod n the unique representative of k + n‫ޚ‬ in the set {0, . . . , n − 1}.
p-adic regulators and regulator matrices
Let be a prime and denote by K a cyclic extension of ‫ޑ‬ of degree . We start by collecting basic facts about p-adic regulators, beginning with lower bounds, a special case of which was observed in [HZ16, Lemma 3.1].
Proposition 2. For a prime p = we have
Proof. By the theorem of Ax and Brumer (see [Bru67] ) we know that Leopoldt's conjecture holds for abelian extensions of ‫ޑ‬ and in particular R p (K ) = 0. For a nonzero prime ideal p | pO K denote by ν p the number of p-power roots of unity in the completion of K at p. By [Coa77, Appendix, Lemma 5] we know that
has nonnegative p-adic valuation. Using that v p (ν p ) ≥ 0 we obtain 
We call M the generic regulator matrix of degree . Using the Haar measure µ on ‫ޚ‬ −1 p we define the random variable
where M (a 1 , . . . , a −1 ) is obtained by setting X i = a i in the matrix M , so that for i ∈ ‫ޚ‬ ≥0 we have pr(
The name of the generic regulator matrix is justified by the following result, which was also observed in [HZ16, Proposition 3.2] for = 3.
Theorem 4. Let p = be a prime. Then there exists a ∈ ‫ޑ‬ −1
Moreover, if p is split in K, the vector a can be chosen in ‫ޚ‬ −1 p . Proof. Let σ be a generator of Gal(K ‫)ޑ/‬ and τ : K → ‫ޑ‬ p a p-adic embedding. For i ∈ {1, . . . , } we define τ i = τ • σ i−1 and note that τ 1 , . . . , τ are the distinct p-adic embeddings of K. Due to [Mar96] there exists a p-Minkowski unit ∈ O × K ; that is, modulo torsion the subgroup , σ ( ), . . . , σ −2 ( ) of
, where m 1 j = 1 for j ∈ {1, . . . , } and m i j = log p (τ j (σ i−2 ( ))) for i ∈ {2, . . . , }, j ∈ {1, . . . , }. Now τ j (σ i−2 ) = σ (i+ j−2) mod and the claim follows by setting a i = log p (σ i−1 ( )) for i = 1, . . . , − 1.
For the final statement first note that if p splits in K, then ‫ޑ‬ p is a p-adic splitting field of K, that is, τ i (α) ∈ ‫ޑ‬ p for all α ∈ K and i ∈ {1, . . . , }, and therefore τ i ( ) ∈ ‫ޚ‬ p . Theorem 4 suggests that there could be a connection between the distribution of valuations of p-adic regulators and valuations of determinants of matrices of the form M (a), where a ∈ ‫ޑ‬ −1 p or a ∈ ‫ޚ‬ −1 p in the case p is split. Based on numerical observations for the quintic and septic fields, similar to [HZ16, Conjecture 6], we conjecture that the distribution of the valuations of the p-adic regulators in cyclic -extensions matches that of the corresponding random variable P , p : (a) )) associated to the generic regulator matrix of degree . Although Theorem 4 supports this only in the case p splits, numerical evidence suggests that it holds for all primes independent of the decomposition type. The lower bound of the regulator in the conjecture comes from Proposition 2.
Conjecture 1 . For primes 2 < , p = and T ∈ {un, ram} the following holds:
where
This is in agreement with the authors' previous work, since for the cubic case = 3, Conjecture 1 is equivalent to [HZ16, Conjecture 6] . Note that in the following it is shown that the value pr(P , p ) = i on the right-hand side of Conjecture 1 can be computed explicitly (see Theorem 9), making it possible to gather numerical evidence for Conjecture 1 by only investigating statistics of valuations of p-adic regulators of cyclic number fields (see Section 6).
While it may be possible to extend [HZ16, Lemmas 4.8 and 4.9] to cover pr(P , p = i) when ord ( p) = 1 and ord ( p) = − 1, respectively, this would be extremely tedious due to the increasing complexity of det(M (a)) as grows, and it remains unclear whether such an approach could be adapted for arbitrary values of . Furthermore, this leaves the case of ord ( p) = 1, − 1 unresolved, which only occurs when ≥ 5. For these reasons we need a different approach, and we start by obtaining some results about solutions of linear equations in p-adic rings.
Solutions of linear equations
Let be a prime and M ∈ ‫[ޚ‬X 1 , . . . , X −1 ] the generic regular matrix of degree . To investigate the associated random variable P , p , where p is a prime, we will determine properties of the image of ‫ޚ‬ −1 p under the polynomial det(M ) ∈ ‫[ޚ‬X 1 , . . . , X −1 ] using the following general setup.
Let R ⊆ S be an extension of p-adic rings, that is, valuation rings of p-adic fields, such that the residue fields have cardinalities p and q, respectively. We consider a system of k linear forms f 1 , . . . , f k ∈ S[X 1 , . . . , X k ] with k indeterminates. By M ∈ S k×k we denote the unique matrix such that
For the remainder of this section we assume that det(M) ∈ S × .
Lemma 5. For v 1 , . . . , v k ∈ ‫ޚ‬ ≥0 we have
Since M is invertible and measure-preserving, this implies that
In our application, we will be mainly interested in counting solutions in R k . While this seems rather difficult in general, we will see that in our case, the action of the associated Galois group of the p-adic fields on the set of polynomials { f 1 , . . . , f k } is of a particular simple form, reflected in the following assumption: Assume that the field extension of the corresponding fraction fields of R and S is cyclic of degree d with Galois group G = σ and the system of linear forms f 1 , . . . , f k satisfies the following property: there exists a partition { f 1 , . . . , f k } = l i=1 F i into disjoint sets F i of cardinality d such that G acts transitively on each F i . For i ∈ {1, . . . , l} we write F i = { f i,1 , . . . , f i,d }. As G acts transitively we may order the polynomials such that σ ( f i, j ) = f i,( j+1) mod d for all i ∈ {1, . . . , l}, j ∈ {1, . . . , d}.
Lemma 6. Let c = (c i, j ) 1≤i≤l,1≤ j≤d = (c 1,1 , . . . , c 1,d , c 2,1 , . . . , c 2,d , . . . , c l,d ) ∈ S k and a = (a 1
Proof. First assume that a ∈ R k . We fix 1 ≤ i ≤ l. Since f i,1 (a) = c i,1 for all 1 ≤ j ≤ d we have
implying that also σ (a) satisfies M · σ (a) = c. Since M is invertible it follows that a = σ (a); that is, a ∈ R k .
We can now determine the number of solutions with prescribed valuation in the subring R. Since the valuation of an element is invariant under σ , a necessary condition for the existence of solutions in R is that the valuations in every block F i must be equal.
Proof. By defining
Lemma 6 shows that
The remainder of the proof is analogous to the proof of Lemma 5.
Distribution for cyclic field of prime degree
Let K be a cyclic field of odd prime degree , and p = 2, . Let M be the generic regulator matrix of K.
To find the associated random variable P , p using the results from Section 4, we first need to determine the factorisation of det(M ) ∈ ‫[ޚ‬X 1 , . . . , X −1 ].
Proposition 8. Denote by ζ a primitive -th root of unity and by σ :
(1) We have
Proof.
(1) Recall that 
On the other hand, the circulant matrix
. Adding the last − 1 rows of N to the first row of N , we see that
This shows that det(M ) = (−1)
(2) As the matrix M is equal to (σ i (ζ j )) 0≤i, j≤ −2 and {ζ j | j ∈ {0, . . . , −2}} is an integral basis of the cyclotomic field ‫(ޑ‬ζ ), we obtain det(M) 2 =disc(‫(ޑ‬ζ ))=(−1) ( −1)/2 · −2 (see [Lan94, Chapter IV, §1]).
We can now apply the results of Section 4 to determine P , p .
Theorem 9. Let ord ( p) = m and − 1 = mn. Then for i ∈ ‫ޚ‬ ≥0 the following holds:
Proof. We use the same notation as in Proposition 8. Let i ∈ ‫ޚ‬ ≥0 and v 1 , . . . , v n ∈ ‫ޚ‬ ≥0 such that
is an extension of degree m. Using Proposition 8, by setting F k = { f j | j ≡ k mod m}, k ∈ {1, . . . , n}, we find ourselves in the situation stated in Section 4, and Proposition 7 implies
As there are a total of
In particular, Conjecture 1 is just a reformulation of Conjecture 1 using Theorem 9.
Numerical evidence
We have investigated Conjecture 1 (and Conjecture 1 ) numerically for ∈ {5, 7}. Recall that Conjecture 1 states that for a prime p = 2, with ord ( p) = m, − 1 = mn and T ∈ {un, ram} we have
where v un = − 1 and v ram = ( − 1)/2. As the right-hand side of this equation is straightforward to calculate, only the limit on the left-hand side had to be investigated. Thus to test our conjecture we needed algorithms to compute both a large number of cyclic extensions and their p-adic regulators. We used an algorithm based on global class field theory as provided by Fieker in [Fie01] to obtain a list of cyclic quintic and septic extensions. For the computation of the p-adic regulators, we relied on the methods from Fieker and Zhang [FZ16] . A more detailed discussion of the algorithms can be found in these references. 6.1. Cyclic quintic extensions. We computed the valuation of p-adic regulators for all cyclic quintic extensions with discriminant up to 5 · 10 31 for 2 < p < 100, p = . The computations were carried out using Magma [BCP97] . For these 5 521 222 fields, the values
are presented in Tables 1-4 and compared to the values as predicted by Conjecture 1. Note that in Tables 1  and 2 for p = 11 the fields with v p (R p (K )) ∈ {11, 12, 13} and v p (R p (K )) ∈ {9} respectively have been omitted for brevity. Moreover, the conjecture predicts that the valuations occur in an arithmetic progression with an initial value of − 1 or ( − 1)/2 and common difference ord ( p); indeed, no valuations not in this arithmetic progression were observed. For example, when p = 13 we have ord 5 (13) = 4, and the conjecture predicts that all valuations must be multiples of 4, and no valuation that is not a multiple of 4 was observed.
6.2. Cyclic septic extensions. The same computations as in the quintic case were carried out for all 329 708 cyclic septic extensions of discriminant ≤ 10 42 ; see Tables 5-9 . Again, no valuations not predicted by Conjecture 1 were observed in the computation. Table 9 . Distribution of valuations of p-adic regulators where ord 7 ( p) = 6.
